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Recap



Why does deep learning work so well in practice?
(even though classical theory often doesn’t explain it well)

Deep learning often generalizes well even when:

● models are huge (large norms, many parameters, a lot of layers)
● training error goes to (near) zero

Classical “more parameters → overfitting → low test error” intuition often doesn’t match practice.
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Double descent 

As model size increases:
● error can drop,
● spike near the interpolation threshold,
● then drop again in the over-parameterized regime



Classical ML Story for Overfitting



Overfitting can be benign

As long as the noisy data points do not change the general trend, since, at test 
time, we will sample the exact noisy point with very low probability, we are fine!



Benign Overfitting



Benign Overfitting
 in Linear Regression



One sentence takeaway

In high-dimensional linear regression, 
perfectly fitting noisy data can still yield vanishing test error
(benign overfitting) 
but only under specific covariance/spectral conditions



Setup



Intuition for eigenvalues + eigenvectors



Setup



A bit more general than linear regression

We can capture both linear and polynomial regression 
● A simple way to do that is to do a feature expansion 
● + have a linear function over the “expanded” features

Eg.
● Feature expansion: x → (1, x, x2, x3, …) = f(x)
● Polynomial regression := linear regression on f(x)



Our estimator Overparameterized regime: n ≪ d = p



Quantity of interest



All in one
Overfitting regime: n ≪ d = p



Main question

(1) Inevitable error that comes 
from small training size

(2) The contribution of 
overfitting to noise (!)



Main result



Important object



Example in picture
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Overfitting regime: n ≪ d = pExample in picture







Eigenvalues should decay fast so 
that their sum is o(n)

Small number of large 
eigenvectors ● Number of non-zero but small 

eigenvalues is large compared to n
● Small eigenvalues are roughly equal

Sum of eigenvalues must almost diverge



Values of 
eigenvalues

Eigenvalue
rank

1 2 … k* …

Eigenvalues should decay fast so 
that their sum is o(n)

Small number of large 
eigenvectors

● Number of non-zero but small 
eigenvalues is large compared to n

● Small eigenvalues are roughly equal

 

Example in picture





One sentence answer

In high-dimensional linear regression, 
perfectly fitting noisy data can still yield vanishing test error
(benign overfitting)
when many comparable weak features (eigenvalues) exists



Proof Intuition
1. Start with a 

bias–variance 
decomposition for 
the min-norm 
interpolator.

2. Variance term 
involves Tr(Σ) that 
captures how noise 
affects prediction 
accuracy.

3. Then use 
concentration (this is 
where sub-gaussian 
assumption is 
useful) 
 + spectral 
inequalities to bound 
each term.



Proof Intuition
The contribution of overfitting 

to noise in the direction of 
important eigenvectors

The contribution of overfitting 
to noise  in the direction of 
unimportant eigenvectors

Inevitable error that 
comes from small 

training size





Very brittle for adversarial noise



Conclusion
Far from the regime of a tradeoff between fit to training data and complexity.

In linear regression, a long, flat tail of the covariance eigenvalues is necessary and 
sufficient for the minimum norm interpolant to predict well:

The noise is hidden in many unimportant directions.

Questions
Beyond minimum euclidean norm interpolant?

What is the approximately equivalent approach for analyzing deep neural networks?

Thank you!


